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Abstract.
We investigate entanglement properties of the excited states of the spin- 12
Heisenberg (XXX) chain with isotropic antiferromagnetic interactions, by exploiting
the Bethe ansatz solution of the model. We consider eigenstates obtained from both
real and complex solutions (“strings”) of the Bethe equations. Physically, the former
are states of interacting magnons, whereas the latter contain bound states of groups
of particles. We first focus on the situation with few particles in the chain. Using
exact results and semiclassical arguments, we derive an upper bound SMAX for the
entanglement entropy. This exhibits an intermediate behavior between logarithmic
and extensive, and it is saturated for highly-entangled states. As a function of the
eigenstate energy, the entanglement entropy is organized in bands. Their number
depends on the number of blocks of contiguous Bethe-Takahashi quantum numbers.
In presence of bound states a significant reduction in the entanglement entropy occurs,
reflecting that a group of bound particles behaves effectively as a single particle.
Interestingly, the associated entanglement spectrum shows edge-related levels. At
finite particle density, the semiclassical bound SMAX becomes inaccurate. For highly-
entangled states SA ∝ Lc, with Lc the chord length, signaling the crossover to extensive
entanglement. Finally, we consider eigenstates containing a single pair of bound
particles. No significant entanglement reduction occurs, in contrast with the few-
particle case.
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1. Introduction
In recent years the study of entanglement measures and other entanglement-related
quantities have become of paramount importance in order to understand the behavior
of low-dimensional quantum many-body systems [1–4]. Considering a system S in a
pure state |Ψ〉, and its spatial bipartition into two blocks A and B, as S = A ∪ B, one
can decompose |Ψ〉 as (Schmidt decomposition)
|Ψ〉 =
∑
i
e−ξi/2|ψAi 〉 ⊗ |ψBi 〉, (1)
with |ψAi 〉 and |ψBi 〉 two orthonormal bases for the subsystems Hilbert spaces HA and
HB. Here the so-called entanglement spectrum (ES) levels {ξi} [5–46] are related to
the eigenvalues {λi} of the reduced density matrix for part A, ρA ≡ TrB(|Ψ〉〈Ψ|), as
ξi ≡ − log(λi). A proper measure of the quantum entanglement between A and B is
the so-called von Neumann entropy (entanglement entropy) SA, which is defined as
SA ≡ −
∑
i
λi log(λi). (2)
It is now well established that the ground-state entanglement entropy contains universal
information about one-dimensional quantum many-body systems [1–3]. A spectacular
example is provided by critical systems described by a conformal field theory (CFT),
for which it has been proven that SA obeys the scaling behavior [47–49]
SA =
c
3
log
[L
pi
sin
(piLA
L
)]
+ c′1. (3)
Here c is the central charge of the conformal field theory, c′1 a non-universal constant,
while L and LA are the sizes of the full system and of part A, respectively. Universal
information can also be extracted from the entanglement between many disjoint
blocks [50–62], or from the scaling corrections of the von Neumann entropy [63–69].
In contrast, although many results are available in the literature [70–82], much less is
known about entanglement properties of excited states. Remarkably, for eigenstates
obtained from primary fields of a CFT, which correspond to low-energy excitations, a
scaling law similar to (3) has been obtained in Ref. [71,73]. Some results are available for
exactly-solvable and free models. A complete classification of entanglement behaviors
in the excited states of the XX chain [83–87] is provided in Ref. [70] (see also [80]).
Two main classes of eigenstates are present, displaying logarithmic (similar to (3), with
an effective “central charge”), or the extensive behavior SA ∝ LA, respectively. The two
scenarios are related to the local properties of the eigenstates, namely the distribution
of occupied momenta in the Fermi sea that is obtained after mapping the XX chain
onto a free-fermion model. Interestingly, a logarithmic entanglement scaling is also
observed in some high-energy eigenstates of the XXZ chain. This has been shown in
Ref. [70] using a numerical method based on the algebraic Bethe ansatz solution of the
model [88]. Yet, due to technical reasons, Ref. [70] focuses only on eigenstates obtained
from real solutions of the so-called Bethe equations, and for small anisotropy (i.e., near
the non-interacting XX chain limit).
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Although it is interesting per se, the study of entanglement in excited states arises
naturally in the context of out-of-equilibrium dynamics after a quantum quench.
Formally, at any time after the quench the state of the system can be obtained as
a time-dependent superposition of the eigenstates of the post-quench Hamiltonian.
Understanding entanglement properties in individual eigenstates could be helpful in
devising an effective truncation scheme to study real-time dynamics, especially in
integrable models [89, 90]. On the numerical side, this could give insights on the
simulability of quench problems using DMRG (Density Matrix Renormalization Group)
or other MPS (Matrix Product States) based algorithms [91–95]. Similarly, as excited
states are necessary ingredients in constructing the Gibbs ensemble, a detailed knowledge
of their entanglement properties could be useful for studying finite-temperature systems.
Outline of the results. In this paper we investigate the entanglement entropy of the
eigenstates of the spin-1
2
isotropic Heisenberg (XXX) chain. This is defined by the
Hamiltonian
H = J
L∑
i=1
1
2
(S+i S
−
i+1 + S
−
i S
+
i+1) + S
z
i S
z
i+1, (4)
where S+,−,zi are the raising and lowering spin operators S
±
i ≡ (σxi ± iσyi )/2, Szi ≡ σzi /2,
and σx,y,zi the Pauli matrices. We set for convenience J = 1 in (4). Periodic
boundary conditions are used, i.e., sites L+ 1 and 1 are identified. The XXX chain is
exactly solvable, and its eigenstates and eigenenergies can be constructed via the Bethe
ansatz [88, 96, 97]. The Hilbert space of (4) is spanned by 2L basis states, which can
be generated starting from the ferromagnetic state |Ω〉 ≡ |↑↑↑ · · · ↑〉, flipping M of the
spins, with M ∈ [0, L]. Since it is conventional in the Bethe ansatz literature, we refer
to flipped spins as “particles”. The total magnetization SzT ≡
∑L
i=1 S
z
i = L/2 −M is
a conserved quantity for (4), implying that the eigenstates of the XXX chain can be
labeled by SzT (equivalently by M).
In contrast with Ref. [70], here we consider eigenstates of the XXX chain obtained
from both real and complex (“strings”) solutions of the Bethe equations (rapidities).
Physically, while the former correspond to interacting magnons, complex rapidities
signal the presence of many-particle bound states. Notice that the intriguing physics
of bound states has received constant attention, both theoretically [98–103] and
experimentally [104, 105]. Finally, while Ref. [70] focuses mostly on eigenstates of
the XXZ chain exhibiting logarithmic entanglement entropy, here we characterize the
crossover to extensive entanglement, which is expected in highly-entangled eigenstates
of (4).
We first focus on the situation with few particles in the chain, restricting ourselves
to M = 2 and M = 3, i.e., high-magnetization sectors of (4). For any eigenstate in
the two-particle sector (M = 2), its entanglement entropy and entanglement spectrum
are constructed analytically exploiting the Bethe ansatz solution of (4). This, in
particular, allows us to derive an upper bound SMAX for the entanglement entropy.
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Its generalization to arbitrary M is obtained using semiclassical arguments as
SMAX(M) = −M(ω log(ω) + (1− ω) log(1− ω)), (5)
where ω is the ratio ω ≡ LA/L. Clearly, for M = 1, SMAX is the entanglement entropy
of a free particle. For M = 2 the bound (5) has been also discussed in Ref. [76].
The linear dependence ∝ M in (5) reflects that in the semiclassical approximation the
interactions (scattering) between particles can be neglected, as expected. Interestingly,
for LA/L  1 (small blocks) one has SMAX ≈ −(MLA/L) log(LA/L), which is an
“intermediate” behavior between a logarithmic and an extensive growth. Notice that (5)
is similar to the entanglement entropy of a ferromagnet [106–109]. In the sector with
M = 2 and for real rapidities we find that SMAX(M) is saturated for any LA, meaning
that SA ≈ SMAX (apart from O(1/L) terms) for some highly-entangled eigenstates
of (4).
We also investigate the behavior of the half-chain entanglement entropy as a function
of the eigenstate energy. For M = 2 and real rapidities, a two-band structure appears,
with eigenstates in the same band showing similar entanglement. In the higher band
we have SA ≈ SMAX . This band structure is understood in terms of the two Bethe-
Takahashi quantum numbers, which in the Bethe ansatz formalism are used to identify
the eigenstates of (4) [97]. Specifically, the lower and upper band correspond to the two
quantum numbers being next to each other or far apart, respectively.
For states with real rapidities only, these features are generic in the vanishing density
regime M/L → 0 at fixed M : In practice, we numerically observe that the bound (5)
is almost saturated. Moreover, the entanglement entropy is organized in bands. Higher
entanglement bands correspond to increasing number of blocks of contiguous Bethe-
Takahashi quantum numbers. For a given M , the number of bands is hence obtained
as the number of integer partitions p(M) of M . Physically, a small (large) number of
blocks of Bethe-Takahashi numbers reflects the particles having small (large) relative
quasi-momentum. All these findings are numerically confirmed by studying the full set
of eigenstates of (4) (for finite L) in the sector with M = 3.
The scenario is strikingly different in presence of bound states. For bound states of
two particles (2-string solutions of the Bethe equations) a substantial decrease in the
entanglement entropy is observed, as compared with eigenstates obtained from two real
rapidities. This reflects a reduction in the number of degrees of freedom, since the
bound state can be treated as an effective single particle. Nevertheless, we observe that
SA > SMAX(M = 1), signaling that the bound states are extended objects. This is
quantitatively understood in terms of the bound-state extension `b, which is obtained
analytically from the Bethe ansatz solution of (4), and is an increasing function of
the bound-state energy. As a consequence, while high-energetic bound states with
`b/L ≈ 1 behave almost as two unbound particles, low-energy ones with `b/L  1
can be treated as a single particle. Clearly, larger values of `b . L are associated with
higher entanglement. Interestingly, since in the large L limit `b changes continuously
as a function of the bound-state energy, no bands are observed in the entanglement
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entropy, in contrast with the case with two real rapidities.
The presence of bound states has striking effects also at the level of the half-chain
entanglement spectrum (ES). Specifically, we show that the ES exhibits edge-related
levels. The corresponding entanglement eigenfunctions (i.e., the eigenvectors of the
reduced density matrix) are exponentially localized at the boundary between the two
subsystems (edge-states). Similar features, i.e., reduction of the entanglement entropy,
edge-related ES levels, and absence of entanglement bands, are observed at fixed M > 2,
in the limit L→∞.
This scenario breaks down at finite particle density ρ ≡M/L. A striking change is that
the upper bound (5) is no longer saturated. However, we numerically observe that in
highly-entangled eigenstates SA ∝ Lc, where Lc = (L/pi) sin(piLA/L) is the so-called
chord length. Since Lc ≈ LA for LA  L, this signals the crossover from (5) to the
volume law SA ∝ LA. We also investigate how the entanglement entropy depends on the
Bethe-Takahashi quantum numbers. Similarly to the situation with few particles, we
find that a large number of Bethe number blocks tends to correspond to highly-entangled
eigenstates of the XXX chain. Finally, we focus on the eigenstates with ρ ≈ 1/2
containing a single two-particle bound state. We show that no significant entanglement
reduction occurs (at least for finite chains), in contrast with the few-particle case.
2. Survey of Bethe ansatz results for the XXX chain
We start reviewing some aspects of the Bethe ansatz solution of (4) (see [88,96,97,110]
for more details) that are relevant for this work. In section 2.1 the generic form of the
eigenstates of (4) and the so-called Bethe equations are introduced. Their solutions,
both real (1-strings) and complex (n-strings, with n ∈ N, n > 1), are discussed
in 2.2 and 2.3, within the framework of the string hypothesis [97]. In particular, we
introduce the so-called Bethe-Takahashi equations. Since it is important in order to
understand entanglement properties of the XXX chain, we detail the structure of the
Bethe-Takahashi quantum numbers, which identify the solutions of the Bethe-Takahashi
equations, and the eigenstates of (4) thereof. Finally, focusing on complex solutions of
the Bethe-Takahashi equations, we define the bound state length `b.
2.1. Bethe equations and wavefunctions
The generic eigenstate of (4) in the sector with M particles can be written as
|ΨM〉 =
∑
1≤x1<x2<...<xM≤L
AM(x1, x2, . . . , xM)|x1, x2, . . . , xM〉, (6)
where the sum is over the positions {xi} of the particles, and AM(x1, x2, . . . , xM)
is the eigenstate amplitude corresponding to particles at positions x1, x2, . . . , xM .
AM(x1, x2, . . . , xM) is given as
AM(x1, x2, . . . , xM) ≡
∑
P∈SM
exp
[
i
M∑
j=1
kPjxj + i
∑
i<j
θPiPj
]
. (7)
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Here the outermost sum is over the permutations SM of the so-called quasi-momenta
{k1, k2, . . . , kM}. The two-particle scattering phases θm,n are defined as
θm,n ≡ 1
2i
log
[
− e
ikm+ikn − 2eikm + 1
eikm+ikn − 2eikn + 1
]
. (8)
The energy associated to the eigenstate (6) is
E =
M∑
α=1
(cos(kα)− 1). (9)
The quasi-momenta {kα} are obtained by solving the so-called Bethe equations
eikαL =
M∏
β 6=α
[
− 1− 2e
ikα − eikα+ikβ
1− 2eikβ − eikα+ikβ
]
. (10)
It is useful to introduce the rapidities {λα} as
kα = pi − 2 arctan(λα) mod 2pi. (11)
Taking the logarithm on both sides in (10), and using (11), one obtains the Bethe
equations in logarithmic form as
arctan(λα) =
pi
L
Jα +
1
L
∑
β 6=α
arctan
(λα − λβ
2
)
, (12)
where −L/2 < Jα ≤ L/2 are the so-called Bethe quantum numbers. Notice that Jα are
half-integers and integers for L−M even and odd, respectively [97]. Finally, the total
eigenstate quasi-momentum KT ≡
∑
α kα is obtained from (12) and (11) as
KT = piM +
2pi
L
∑
α
Jα (13)
2.2. Real roots of the Bethe equations (1-strings)
In principle any choice of M distinct Bethe quantum numbers {J1, J2, . . . , JM} identifies
a set of solutions {k1, k2, . . . , kM} of (12) and, using (6), an eigenstate of (4). However,
for real solutions of (12), i.e. λα ∈ R∀α, a precise bound for the Bethe numbers can be
obtained as [97]
− J∞ ≤ Jα ≤ J∞ with J∞ ≡ L− 1−M
2
, (14)
where J∞ is formally the Bethe quantum number associated to an infinite rapidity [97].
It is convenient to introduce the notation  and # for occupied and vacant (“holes”)
Bethe quantum numbers, respectively. A generic eigenstate of (4), in the sector with M
particles, can then be identified by its Bethe quantum numbers as
[#m1 n1#m2 n2 · · ·]1 with  m ≡   . . . ︸ ︷︷ ︸
m
, (15)
where
∑
i ni = M and
∑
imi = 2J∞ + 1−M . The brackets [· · ·]1 mean that the Bethe
quantum numbers are defined in the interval [−J∞, J∞], whereas the subscript is to
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stress that real solutions of (12) (1-strings, see section 2.3) are considered. The total
number of real rapidities, according to (14), is (L−M)!/(M !(L− 2M)!).
Remarkably, the lowest-energy eigenstate |Ψ(0)M 〉 of (4) in the sector with M particles
is given in terms of real rapidities [111], which are obtained by choosing the Bethe
quantum numbers
J (0)α (M) = −
M + 1
2
+ α with α = 1, 2, . . . ,M, (16)
or, in the notation (15),
J (0)α (M) = [#(L−M)/2 M#(L−M)/2]1. (17)
Notice that (14) implies that in the sector with M = L/2 there is only one set of real
roots of the Bethe equations, which corresponds to the global ground state |Ψ(0)〉 of the
XXX chain.
It is natural to interpret the block “ M” of occupied Bethe numbers in (17) as a “Fermi
sea”. All the excited states above |Ψ(0)M 〉, which have the same number of particles,
and correspond to real rapidities, are obtained by successive exchanges of occupied
and empty Bethe quantum numbers (“particle-hole” processes). An example of such
processes is shown in Table 1 (first row, p-hole).
It is useful to classify the eigenstates of the XXX chain according to the number of
blocks of contiguous Bethe quantum numbers. While the ground state |Ψ(0)M 〉 (cf. (17))
corresponds to a single block, the number of blocks generically increases under p-hole
processes (for instance from one to three in the process shown in Table 1), although this
is not true in general. A notable exception is provided by sequences of p-hole processes
that amount to a shift of one or many blocks of quantum numbers. For instance, the
process
[· · ·# M ′#h M ′′# · · ·]1  [· · ·# M ′#h′ M ′′# · · ·]1, (18)
where the dots stand for # · · ·#, M ′ + M ′′ = M , and h 6= h′ are non-zero integers.
The number of blocks in the Bethe quantum numbers is strikingly reflected in the
entanglement properties of the excited states of the XXX chain. We anticipate here
that eigenstates obtained from Bethe quantum number configurations with the same
number of blocks exhibit similar entanglement entropy (see section 3 and 4).
A different class of excited states of the Heisenberg chain is obtained from roots of (10)
containing pairs of complex conjugate rapidities (strings), which, physically, correspond
to groups of bound particles. An example of process leading to an eigenstate with a
two-particle bound state is shown in Table 1 (see next section for the structure of the
corresponding Bethe quantum numbers).
2.3. String solutions of the Bethe equations
Complex solutions of the Bethe equations (10) form particular “string” patterns in the
complex plane, at least in the limit of large chains L → ∞ (string hypothesis) [96, 97].
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Table 1. Excitations processes and Bethe-Takahashi quantum numbers for some
eigenstates of the XXX spin chain in the sector with M particles. Only processes
preserving the total number of particles are considered. Here  (#) denotes an
occupied (vacant) quantum number, [· · ·]α is the quantum number configuration in
the α-string sector, and s1 ≡ (L −M)/2, s2 ≡ (L − 2M)/2, with L the length of the
chain. Notice that 1-strings correspond to real rapidities. [#s1 M#s1 ]1 corresponds to
the lowest-energy state in the sector with M particles. (First row) p-hole excitation:
one occupied and empty numbers are exchanged. An example of p-hole process is
shown in the second column. The number of blocks of contiguous Bethe quantum
numbers increases from one to three. All 1-strings excited states of the XXX chain
can be obtained by successive applications of p-hole. (Second row) Creation of a two-
particle bound state (2−string). Excited states involving n-strings with n > 2, or more
than a single bound states are not shown.
Type of excitation Bethe-Takahashi numbers
p-hole [#s1 M#s1 ]1  [#s1 # M−2#s1−2 #]1
[#s1 M/2−1#2 M/2−1#s1 ]1
2-string [#s1 M#s1 ]1  ×
[#s2 #s2 ]2
Specifically, rapidities forming a “string” of length 1 ≤ n ≤M (that we defined here as
n-string) are parametrized as
λ(n,j)γ = λ
(n)
γ − i(n− 1− 2j), j = 0, 1, . . . , n− 1, (19)
where λ
(n)
γ is the real part of the string (string center), and γ labels strings with different
centers. In this language real rapidities are strings of unit length (1-strings), i.e.,
with n = 1. It is natural to classify solutions Λ ≡ {λα} (α ∈ [1,M ]) of the Bethe
equations (10) according to their string content {Nα}, where Nα denotes the number of
α-strings in Λ.
Bethe-Takahashi equations. The string centers λ
(n)
γ in (19) are obtained by solving the
so-called Bethe-Takahashi equations [97]
2L arctan(λ(n)γ /n) = 2piI
(n)
γ +
∑
(m,β)6=(n,γ)
Θm,n(λ
(n)
γ − λ(m)β ), (20)
where the generalized scattering phases Θm,n read
Θm,n(x) ≡

ϑ( x|n−m|) +
(n+m−|n−m|−1)/2∑
r=1
2ϑ( x|n−m|+2r ) + ϑ(
x
n+m
) if n 6= m
n−1∑
r=1
2ϑ( x
2r
) + ϑ( x
2n
) if n = m
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and ϑ(x) ≡ 2 arctan(x). Here I(n)γ are the Bethe-Takahashi quantum numbers associated
with λ
(n)
γ . It can be shown that I
(n)
γ are integers or half-integers for L − Nn odd and
even, respectively. Clearly, the constraint
∑M
α=1 αNα = M has to be satisfied. As for
the Bethe quantum numbers Jα (see (14)), an upper bound for the Bethe-Takahashi
quantum numbers can be derived as [97]
|I(n)γ | ≤ I(n)MAX ≡
1
2
(L− 1−
M∑
m=1
tm,nNm), (21)
where tm,n ≡ 2min(n,m)− δm,n. Notice that this implies I(n)MAX ≤ I(n
′)
MAX if n < n
′.
It is straightforward to generalize the notation (15) to the case of the Bethe-Takahashi
quantum numbers. First, for real solutions of the Bethe-Takahashi equations, i.e.,
λα ∈ R, ∀α, one has {Jα} = {I(1)α }. Moreover, given a generic solution of (20) with
string content {Nα}, the corresponding Bethe-Takahashi numbers can be represented
as [C1]1 × [C2]2 × · · · × [CM ]M , with
[Cα]α ≡ [#m1 n1#m2 n2 · · ·]α (22)
the Bethe-Takahashi numbers corresponding to the Nα α-strings. Notice that
∑
i ni =
Nα and
∑
imi = 2I
(α)
MAX + 1−Nα.
The quasi-momentum associated to a generic rapidity λ′ = λ+ip in a n-string, using (11),
is
k(λ+ ip) =

pi + i
2
log
[
(1−p)2+λ2
(1+p)2+λ2
]
− arctan
[
λ
1+p
]
− arctan
[
λ
1−p
]
if |p| > 1
pi + i
2
log
[
(1−p)2+λ2
(1+p)2+λ2
]
− arctan
[
λ
1+|p|
]
+ pi
2
Sign(λ) if |p| = 1,
(23)
where Sign(x) is the sign function. By summing over the different string components,
it is straightforward to obtain the total quasi-momentum k
(n)
s of the n-string as
k(n)s = pi + 2 arctan
(λ(n)γ
n
)
mod 2pi. (24)
The corresponding string energy E
(n)
s , from (9) and (23), is a function of the string
center λ
(n)
γ as
E(n)s = −
2n
(λ
(n)
γ )2 + n2
. (25)
Interestingly, since 0 < |λ| <∞ one has E(n)s ∈ [−2/n, 0], implying that “longer” strings
have higher energy.
It is useful to isolate the imaginary part of the quasi-momentum k(λ + ip) in (23),
defining `
(p)
b as
`
(p)
b ≡
[
1
2
log
(1 + p)2 + λ2
(1− p)2 + λ2
]−1
. (26)
Since `
(p)
b contributes with terms of the form exp(−|xi − xj|/`(p)b ) in the amplitudes (7),
it is natural to interpret `
(p)
b as the bound-state extension. Large `
(p)
b corresponds to
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a weakly-bound cluster of particles, whereas `
(p)
b → 0 signals a strongly-bound one.
Finally, we define `b as the length associated to the outermost rapidity in a string, i.e.,
that with the largest imaginary part. This can be expressed in terms of the string total
energy E
(n)
s (cf. (25)) as
`b =
[
− 1
2
log
(
1 +
2n− 2
n
E(n)s
)]−1
(27)
Since in this work we restrict ourselves to strings with n = 2, 3, we consider only `b.
We should stress that the string hypothesis (19) holds only in the limit L→∞, whereas
for finite chains rapidities of the form (19) are not solutions of the Bethe equations (12).
To account for finite chain corrections, Equation (19) has to be modified as (deviated
n-string)
λ(n,j)γ = λ
(n)
γ + 
(n,j)
γ + i(n− 1− 2j) + iδ(n,j)γ with j = 0, 1, . . . , n− 1, (28)
where the string deviations 
(n,j)
γ , δ
(n,j)
γ ∈ R are O(e−L), i.e., exponentially vanishing in
the limit L → ∞. One should remark that solutions of the Bethe equations deviating
from the string picture (28) are known. For instance, for two-particle, they have been
carefully characterized in [112] (cf. also [113]). Similar behaviors can be observed
for open boundary conditions [114]. Furthermore, detailed knowledge of the string
deviations is important in order to extract physical quantities (for instance conformal
data) about the Heisenberg chain [115–119]. Notice that solutions of the Bethe equations
are self-conjugate [120], i.e., {λα} = {λα}∗, which implies some constraints on the string
deviations.
It is interesting to calculate the scattering phases (8) for deviated strings. Given λ1 and
λ2 as λ1 = λ+ + ip+ iδ and λ2 = λ+ 
′+ iq+ iδ′, with p, q ∈ Z and , ′, δ, δ′ ∈ R, one
has using (8) and (28)
θ(λ1, λ2) =
1
4i
log
[(p− q + 2 + δˆ)2 + ˆ2
(p− q − 2 + δˆ)2 + ˆ2
]
+ (29)
1
2
arctan
[ 4ˆ
(p− q + δˆ)2 − 4 + ˆ2
]
+
pi
2
Sign(ˆ)H(4− (p− q + δˆ)2 − ˆ2),
where δˆ ≡ δ − δ′, ˆ ≡  − ′, and H(x) is the Heaviside step function, Clearly, in the
limit L → ∞, equivalently ˆ, δˆ → 0, we have θ(λ1, λ2) → ±i∞ for p − q = ∓2. These
divergences are reflected in exponentially vanishing or diverging amplitudes in (7). The
treatment of these singularities in constructing the eigenstates of the Heisenberg chain
can be tricky and it is detailed in Appendix B.1, Appendix B.2, and Appendix C for
the string configurations considered in this work.
3. Few-particle entanglement: Eigenstates with M = 2 particles
In this section, as an extreme case of the vanishing density limit (i.e., with fixed M and
L → ∞), we discuss analytical results for the entanglement entropy and entanglement
spectrum (ES) of the eigenstates of the XXX chain in the sector with two particles
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M = 2. We consider both 1-string and 2-string eigenstates (see sections 2.2 and 2.3).
The former are states of two unbound particles (magnons), whereas the latter correspond
to bound states of the two particles. The analytical results obtained from the Bethe
ansatz solution are discussed in Appendix A and Appendix B.1.
Based on the analytical solution, we present a semiclassical upper bound SMAX(M = 2
for the von Neumann entropy (see Appendix A and Appendix D). In the 1-string sector
this is saturated in the limit L  1. On the other hand, for 2-string eigenstates the
entanglement entropy is dramatically reduced, and we find SMAX(M = 1) < SA <
SMAX(M = 2).
We also examine the dependence of the entanglement entropy on the eigenstate energy,
focusing on the half-chain entropy SA(L/2). In the 1-string sector this exhibits a two-
band structure. In both bands the entropy is approximately constant as a function of
energy, and in the upper one SA(L/2) ≈ SMAX(M = 2, L/2). These bands can be
understood in terms of the two Bethe-Takahashi quantum numbers used to identify
the eigenstates of the XXX chain (see section 2). Precisely, the entanglement entropy
increases with the number of blocks of contiguous Bethe quantum numbers: while the
lower band correspond to two quantum numbers next to each other (i.e., a single block),
the upper one is obtained for two quantum numbers far apart (two blocks). Equivalently,
the first situation correspond to the two particles having similar quasi-momenta, while
the latter is reflected in particles with very different ones.
In the 2-string sector the entanglement entropy changes continuously (in the large L
limit) with the eigenstate energy, and no entanglement bands are observed. This reflects
the behavior of the bound-state length `b (cf. (26)), which is a continuous increasing
function of the bound-state energy (cf. (27)). The entanglement entropy generically
increases upon increasing `b/L. For `b/L → 0 (i.e. two strongly-bound particles) one
has SA(L/2) ≈ SMAX(M = 1, L/2).
All these findings are reflected at the level of the half-chain entanglement spectrum.
In the 1-string sector the ES levels obtained from highly-entangled eigenstates (i.e.,
saturating the upper bound SMAX) are simple functions of the ratio ω ≡ LA/L that
can be understood semiclassically (see Appendix A for analytical results). Surprisingly,
for 2-string eigenstates, besides the usual bulk ES levels, edge-related ES levels appear,
which diverge in the limit L  1. The corresponding entanglement eigenfunctions are
exponentially localized at the boundary between the two subsystems (edge-states).
3.1. Overview: interacting magnons versus bound states
The entanglement entropy SA(LA) obtained from the eigenstates of the Heisenberg chain
in the sector with M = 2 particles is plotted versus the block length LA in Figure 1.
Symbols are exact numerical data for SA obtained from the Bethe ansatz result (6),
for a chain with L = 32. All the possible eigenstates are considered in the figure.
Panels (a) and (b) show the entanglement entropy for 1-string and 2-string eigenstates,
respectively.
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Figure 1. Entanglement of the eigenstates of the Heisenberg spin chain in the sector
with two particles (M = 2): entanglement entropy SA versus the subsystem size LA
(dotted lines are guides to the eye). Data are for a chain of length L = 32. (a)
Eigenstates corresponding to real solutions of the Bethe equations (1-strings). The
dashed and dash-dotted lines the (lower and upper) bounds SMAX(M = 1) and
SMAX(M = 2), respectively, with SMAX(M) = −M(ω log(ω) + (1 − ω) log(1 − ω))
and ω ≡ LA/L (b) Eigenstates corresponding to pairs of complex conjugate solutions
of the Bethe-Takahashi equations (2-strings): SA versus LA (same scale as in (a) on
the y-axis). Dashed and dash-dotted lines are the same as in (a). Note the lower value
of entanglement and the dense structure as compared to the case of 1-strings in (a).
We start discussing the 1-strings. The semiclassical upper-bound (5) for the von
Neumann entropy is reported in Figure 1 (a) for M = 1 and M = 2 as dashed and dash-
dotted line, respectively. Clearly, we have SMAX(M = 1) < SA(LA) . SMAX(M = 2),
i.e., the upper bound is almost saturated. Deviations from SMAX(M = 2) in the upper
band are O(1/L).
The entanglement entropy obtained from 2-string eigenstates is shown in Figure 1 (b).
Dashed and dash-dotted lines are the same as in panel (a). A dramatic reduction in
the entanglement entropy is observed, as compared with the upper-band of the 1-string
eigenstates (panel (a)). Interestingly, we have SA(LA) > SMAX(M = 1), contradicting
the naive picture of the bound state as an effective single particle. This reflects the
effective bound-state length `b (cf. (26)) being finite. Only for low-energy 2-strings one
has `b/L→ 0 and SA(LA) ≈ SMAX(M = 1) in the limit L 1.
3.2. Entanglement versus energy: entanglement bands
The behavior of the half-chain entanglement entropy SA(L/2) as a function of the
eigenstate energy E is illustrated in Figure 2. Data are the same as in Figure 1. Panel
(a) and (b) are for the 1-string and the 2-string eigenstates, respectively. Notice that
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Figure 2. Eigenstates of the Heisenberg spin chain in the sector with two particles
(M = 2): entanglement bands. Half-chain entanglement entropy SA(L/2) versus
eigenstate energy E. Data are Bethe ansatz results for a chain with L = 32. (a)
1-string eigenstates. The dashed line is SMAX(M = 2) for LA = L/2). Two
bands with approximately constant entropy (as a function of energy) are visible. The
cartoons show typical Bethe-Takahashi number configurations for the eigenstates in
the bands. Empty (full) circles denote vacant (occupied) quantum numbers. The
vertical lines mark disconnected blocks of occupied quantum numbers. The lower and
the upper entanglement band corresponds to configurations with two neighboring and
two separated Bethe quantum numbers, respectively. The vertical arrow is to stress the
merging of the two bands at high energy. (b) 2−string eigenstates. No band structure
is visible. The dash-dotted line is the analytical result in the large chain limit L `b,
with `b the size of the bound state.
while for the 1-strings we have −4 < E < 0, 2-strings correspond to the higher energies
−1 < E < 0 (cf. (25)).
In the 1-string sector SA(L/2) exhibits a two-band structure. The lower band with
SA(L/2) ≈ 1 corresponds to eigenstates obtained from two Bethe-Takahashi numbers
(see section 2) {I(1)1 , I(1)2 } next to each other (i.e. δI ≡ |I(1)2 − I(1)1 | = 1). This is
illustrated by the cartoon in the Figure, where full (empty) circles denote occupied
(vacant) Bethe quantum numbers (see section 2.3), whereas vertical lines mark the
disconnected blocks of occupied quantum numbers. Since δI = 1 implies |k2−k1| ∼ 2pi/L
(at least in the L 1 limit, cf. Appendix A.1), the lower band corresponds to eigenstates
with particles with similar quasi-momenta. In particular, the dotted line in the Figure
is the analytical result (see Appendix A.1) assuming |k2 − k1| = 2pi/L, and it is in
agreement with the data, apart from O(1/L) corrections.
The upper band corresponds to |I(1)2 − I(1)1 | > 1, i.e., eigenstates obtained from two
separated Bethe quantum numbers (as shown by the cartoon). The substructures (lines)
within the band correspond to shifting two equi-distant (i.e., with δI = const.) quantum
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numbers.
These substructure are generic for eigenstates with finite M and L → ∞. Precisely,
we observe that a global shift of the Bethe-Takahashi numbers, which amounts to a
shift in the eigenstate total quasi-momentum (cf. (13)), does not change significantly
the entanglement entropy. This is better understood in the non-interacting limit
(i.e., the XX chain), where kα ∼ 2piJα/L [121], implying that a global shift
of the Bethe numbers corresponds to shifting the quasi-momenta as kα → kα +
δk. As a consequence, the wavefunction amplitude AM(x1, x2, . . . , xM) (cf. (7)) is
modified as AM(x1, x2, . . . , xM) → eiδk
∑
i xiA(x1, x2, . . . , xM). Since the phase factor
exp(iδk
∑
i xi) = exp(iδk
∑
j∈A xj) × exp(iδk
∑
j∈B xj) corresponds to a product of
unitary transformations on the subsystems Hilbert spaces HA and HB, it does not affect
the entanglement spectrum and entropy. This observation can be recast in the CFT
language, which allows to generalize it to other interacting c = 1 and for finite particle
density M/L. In fact, the total quasi-momentum shift is implemented in the CFT
language by acting over the ground state with vertex operators Y1[α+, α−] = ei(α+φ+α−φ¯),
where φ and φ¯ are bosonic operators, and α± are related to their scaling dimensions.
Remarkably, it has been shown in Ref. [71] that all the excitations obtained in this way
have the same entropy as the ground state.
Interestingly, the results in Figure 2 suggest that, at least in the vanishing density
regime, the effect of the scattering phases is negligible at low energy. This does not
hold at high energies (E → 0−) where the two bands merge. This corresponds to
I
(1)
1 ≈ I(1)2 ≈ I(1)MAX (cf. (21)), which implies k1 ≈ k2 ≈ 0 mod 2pi (cf. (A.8)). Notice
that for k1, k2 → 0, since the wavefunction (6) becomes “flat”, the semiclassical bound
SMAX is exact (see Appendix D).
The entanglement entropy for the bound states of two particles is plotted in Figure 2
(b). In contrast with the 1-strings (panel (a)), no band structure is visible. The
entanglement entropy increases monotonically up to E ≈ −0.3, when it starts
decreasing. Interestingly, one has SA(L/2) > SMAX(M = 1, L/2) = log(2), which would
be the entropy of a one particle state. This behavior can be understood in terms of the
bound-state length `b (cf. (27)). At E = −1 we have `b = 0, implying SA(L/2) ≈ log(2).
On the other hand, as E → 0−, `b → ∞ and the two particles become weakly bound,
which is associated with a substantial increase in the entanglement. More quantitatively,
for `b . L one has (see Appendix B.1 for the derivation)
SA(L/2) = log(2)− 2
LE
[
1− log(2) + log(L) + log(−E)
]
+O(1/L2), (30)
which is shown as dash-dotted line in the Figure. Notice that (30) breaks down at
E ≈ −0.3. This can be understood considering the entanglement spectrum (ES) of
2-string eigenstates.
3.3. Entanglement spectra
In the 1-string sector, the half-chain ES contains three levels ξ0 and ξ±, which are
functions of the relative quasi-momentum k ≡ k2 − k1 between the two particles
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Figure 3. Entanglement spectrum (ES) and entropy for the Heisenberg chain in
the sector with two particles M = 2. (a)(b)(c) ES levels ξ+, ξ−, ξ0 plotted versus the
relative momentum k ≡ k2−k1 of the two particles. Data are exact results for a chain
with L = 32. For 0  k  2pi we have ξ0 ≈ ξ+ ≈ ξ− ≈ 2 log(2). The accompanying
numbers specify the degeneracies of the levels. The resulting half-chain entropy SA
is reported in panel (d) versus k (full line). The dash-dotted line corresponds to the
upper bound SMAX = 2 log(2). Inset: same as in the main figure zooming around
k ≈ 0. The vertical dotted line is k = 2pi/L.
(see Appendix A). These are shown in Figure 3 (panels (a)-(c)) plotted versus k, for a
chain with L = 32. The accompanying numbers in the panels specify the degeneracies
of the ES levels. To be general we keep k arbitrary, while in principle its value is fixed
by using the solutions of the Bethe equations (12). Moreover, data in Figure 3 are for
fixed relative scattering phase (cf. (8)) θ ≡ θ2,1− θ1,2 = pi. We verified numerically that
the main results do not change for different values of θ, at least for 0 k  2pi (central
region in the panels), where the semiclassical approximation holds (see Appendix A).
As Figure 3 shows, for 0  k  2pi one has ξ0 ≈ ξ+ ≈ ξ− ≈ 2 log(2). These results
are correct up to terms O(1/L), and can be derived rigorously using the Bethe ansatz
solution (see Appendix A). This implies, as expected, that in the semiclassical regime
the effect of the scattering phase θ (cf. (8)) can be neglected. This scenario breaks down
at k ∼ 0 mod 2pi, where deviations from the semiclassical results are observed for all
ES levels (cf. Figure 3). The half-chain entanglement entropy obtained from the ES in
(a)-(c) is reported in Figure 3 (d) as a function of k. While at k 6= 0 the entanglement
entropy exhibits a flat behavior with SA(L/2) ≈ SMAX(M = 2) = 2 log(2) (dash-dotted
line in the Figure), at k → 0 mod 2pi a strong reduction occurs. This is better highlighted
in the inset of the Figure zooming in the region 0 ≤ k ≤ 1. The vertical dotted line is
k = 2pi/L, the value SA(L/2) ≈ 1 is the horizontal dotted line shown in Figure 2.
We now turn to the entanglement spectra of 2-string eigenstates. The calculation of
the ES is outlined in Appendix B.1. The ES contains four levels, which are plotted
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Figure 4. Entanglement spectrum and entanglement entropy for 2-string eigenstates
of the XXX chain (bound states of two particles). (a) Entanglement spectrum levels ξ
plotted versus 1/`b, `b being the bound-state length. Full and dash-dotted line are exact
numerical results for a chain with L = 32 and L = 128, respectively. Accompanying
numbers specify the degeneracies (shown only for L = 32) of the levels. Two edge-
related ES levels are present, besides the bulk ones (with ξ ≈ log(2) at `b → 0). At
`b →∞ one of the two edge levels diverges, whereas the remaining is ∼ log(2), i.e., an
extra bulk ES level appears. (b) Half-chain entanglement entropy SA(L/2) obtained
from the ES levels in panel (a) plotted versus 1/`b. Notice that SA(L/2) → log(2) at
`b → 0 L→∞, while SA(L/2)→ 3/2 log(2) for `b → 0.
in Figure 4 versus the inverse bound-state length 1/`b (cf. (26) and (27)). The full
and dash-dotted lines are for chains of length L = 32 and L = 128, respectively. The
accompanying numbers specify the degeneracies of the ES levels. Clearly, two of the
levels are ∼ log(2) as 1/`b → 0 (horizontal line in the Figure), i.e., for eigenstates
containing two strongly-bound particles. These are “bulk” ES levels, similar to the
ES levels for two unbound particles (cf. Figure 3). Notice that, at fixed `b deviations
from log(2) are O(1/L), as can be confirmed by comparing the curves for L = 32 and
L = 128. Strikingly, the remaining two ES levels diverge in the limit `b, L→∞. These
are edge-related levels. The corresponding entanglement eigenvectors (i.e., eigenvectors
of the reduced density matrix) are exponentially localized at the two edges of subsystem
A (edge states) (cf. Appendix B.1). Interestingly, at 1/`b ≈ 1/2 one of the two edge
levels diverges, whereas the other one becomes an extra “bulk” level. This corresponds
to the maximum entropy in Figure 2 (b), where (30) breaks down. The half-chain
entanglement entropy obtained from the ES in panel (a) is shown in Figure 3 (b) as a
function of 1/`b. In the limit 1 `b  L we have SA(L/2) = log(2), i.e. the half-chain
entropy of a single particle. Notice that for `b →∞ we have SA(L/2) ≈ 3/2 log(2), due
to the extra bulk level appearing in the ES (see panel (a)).
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Figure 5. Entanglement entropy of the eigenstates of the XXX chain in the sector
with three particles M = 3. Data are exact numerical data for L = 32 sites. (a) 1-string
eigenstates: SA plotted versus the size of block A LA. The dashed line is the upper
bound SMAX(M = 3) ≡ 3 log(2). The dash-dotted line is SMAX(M = 1) ≡ 2 log(2)
(cf. Figure 1). (b) Eigenstates corresponding to {1, 1}-strings, i.e. one real and a pair
of complex conjugate solutions of the Bethe equations. (c) Same as in (a)(b) but for
3-string eigenstates (i.e., bound states of the three particles).
4. Few-particle entanglement : Eigenstates with M = 3 particles
In this section we focus on entanglement properties in eigenstates of the XXX chain
in the sector with M = 3. Besides 1-string and 3-string eigenstates, which correspond
to unbound particles and three-particle bound states, the intermediate situation with
eigenstates that contain a magnon and a two-particle bound state arises. These
correspond to solutions of the Bethe-Takahashi equations (20) with string content {1, 1}
({1, 1}-strings), i.e. one real and two complex conjugate rapidities.
For highly-entangled 1-string eigenstates we show that SA(LA) . SMAX(M = 3),
confirming what has been found for two particles in section 3. Furthermore, the
entanglement entropy is progressively reduced in eigenstates that contain bound states
(i.e. {1, 1}-strings and 3-strings). We also investigate the behavior of the half-chain
entanglement entropy as a function of the eigenstate energy. For the 1-strings we observe
an entanglement band-like structure with three bands. As in the two-particle case (see
section 3)), higher entanglement bands corresponds to a larger number of blocks of
contiguous Bethe-Takahashi quantum numbers. In the sector with {1, 1}-strings, the
half-chain entropy exhibits a dense structure (i.e., no entanglement bands), reflecting
that the size `b of the two-particle bound state varies continuously as a function of the
bound-state energy.
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4.1. Overview: unbound particles, bound states, and coexistence of the two behaviors
The von Neumann entropy SA(LA) for the eigenstates of the XXX chain in the sector
with M = 3 is shown in Figure 5 (panels (a)-(c)) for a chain with L = 32 (SA plotted
versus the subsystem size LA). The three panels (a)-(c) correspond to eigenstates
obtained from different types of solutions of the Bethe-Takahashi equations: 1-strings,
{1, 1}-strings, and 3-strings are shown in panels (a),(b), and (c). The same scale is used
on the y-axis in all the panels. The dashed and dash-dotted lines denote the semiclassical
bound SMAX(M) (cf. (5)) with M = 2 and M = 3, respectively. The construction of
the Bethe wavefunctions, from which the results in the Figure are derived, is outlined
in Appendix C and Appendix B.2.
Clearly, SMAX(M = 3) is saturated (apart from O(1/L) terms) in the highest band
of the 1-string sector. A substantial decrease in the entanglement entropy occurs for
{1, 1}-strings. Large values of SA(LA) correspond to eigenstates of the XXX chain that
contain an unbound particle and a pair of weakly bound particles, whereas small ones
are obtained when two strongly-bound particles are present. Finally, a further reduction
of the entanglement entropy happens for eigenstates obtained from 3-strings (panel (c)).
However, SA(LA) > SMAX(M = 1), reflecting that the size `b of the three-particle bound
is finite, similarly to the two-particle bound states (see Figure 1).
4.2. Entanglement entropy versus energy: bands and continuous structures
The half-chain entanglement entropy SA(L/2) is plotted versus the eigenstate energy in
Figure 6 for 1-strings, {1, 1}-strings, and 3-strings. Data are the same as in Figure 5
(in all the panels the same scale on the y-axis is used). Notice that 1-string eigenstates
have energies −6 . E . 0, while {1, 1}-strings and 3-strings appear at −3 . E . 0,
and −2/3 . E . 0, respectively.
In the 1-string sector (panel (a) in the Figure) SA(L/2) exhibits three bands, which
correspond to eigenstates obtained from Bethe-Takahashi quantum numbers with
different numbers of blocks of contiguous quantum numbers (as shown in the cartoons,
see also section 2). SA(L/2) increases as a function of the number of Bethe number
blocks (from one for the lowest band up to three for the highest one). Moreover,
SA(L/2) ≈ SMAX(M = 3) (dashed line in panel (a)) for the eigenstates with three
separated Bethe numbers. At high energy E → 0− all the bands tend to merge, as it
has been observed for two particles (see Figure 2).
The half-chain entropy for {1, 1}-string eigenstates is shown in panel (b). A denser
(as compared with 1-strings) structure appears, reflecting that the length `b, which is
associated with the two-particle bound state, is a continuous function of the energy.
Finally, SA(L/2) for 3-string eigenstates is shown in panel (c). The dash-dotted line in
the Figure is the analytical result in the limit L `b (cf. (B.24) and (B.25)),
SA(L/2) = log(2)− 6
2LE
[1 + 2 log(2) + log(L) + log(−E)− log(6)] +O(1/L2), (31)
which accurately describes the behavior of the entropy in the region E . −0.3. Notice
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Figure 6. Entanglement entropy for the Heisenberg chain in the sector with three
particles M = 3. Half-chain entropy SA(L/2) plotted versus the eigenstate energy
E. Data are exact numerical result from the Bethe ansatz solution of the model for a
chain with L = 32 sites. (a) 1-string eigenstates: three entanglement bands are visible.
The cartoons show typical Bethe-Takahashi number configurations corresponding to
eigenstates in a given band. Full and empty symbols denote occupied and vacant
Bethe quantum numbers, respectively. The vertical lines mark disconnected blocks of
occupied numbers. Different points in a given band are obtained by shifting the blocks
independently. The dashed line is the upper bound SMAX(M = 3) = 3 log(2). (b) The
same as in (a) for {1, 1}-string eigenstates. (c) Same as in (a)(b) for the three-particle
bound states (3-strings). The dash-dotted line is the analytical result in the large L
limit.
that deviations from SA(L/2) ∼ log(2) are ∝ 1/(LE), as for the two-particle bound
state (cf. (30)). Interestingly, SA(L/2) exhibits a maximum with SA(L/2) ≈ 1.75 at
E ≈ −0.2, similar to the case of a two-particle bound state (see Figure 2 and 3).
All these findings can be also understood at the level of the half-chain entanglement
spectrum. In particular, the ES of 1-string eigenstates with maximum number of blocks
(three separated Bethe numbers) exhibits 2M = 8 degenerate levels ξ = log(8), in
agreement with the semiclassical result in Appendix D. On the other hand, the ES of
the three-particle bound states is qualitatively similar to what has been found for the
two-particles (see Appendix B.2 for some analytical results). It is interesting, however,
to consider the entanglement spectrum of {1, 1}-strings.
4.3. Entanglement spectrum of {1, 1}-string eigenstates
The ES for eigenstates of the XXX chain obtained from {1, 1}-strings is shown in
Figure 7. Data are obtained from the Bethe ansatz wavefunction (6) for a chain with
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Figure 7. Entanglement entropy and entanglement spectrum (ES) of the Heisenberg
spin chain in the sector with M = 3 particles. Only {1, 1}-string eigenstates are shown
in the figure. These comprise a “free” particle and a two-particle bound state. Data
are exact results from the Bethe ansatz solution for a chain with L = 32 sites. (a)(b)
Half-chain ES for a fixed momentum of the bound state Kb = 2pi/3 plotted versus the
“free” particle quasi-momentum k. Panels (a) and (b) are for different values of the
bound state length `b = 10 (two weakly-bound particles) and `b = 0.01 (two strongly-
bound particles). The arrow marks edge-related ES levels. (c) Half-chain entropy
SA(L/2) obtained from the ES in panel (a). The dashed line is the semiclassical upper
bound SMAX(M = 3) (cf. (5)). Same as in (c) for the ES in panel (b). The dashed
line is now SMAX(M = 2).
L = 32 sites. For simplicity we fix in (6) the total bound state quasi-momentum to
Kb = 2pi/3, leaving as free parameter the quasi-momentum k of the “free” particle.
Moreover, we treat the bound state length `b as an independent variable, although it
can be related to the total bound-state quasi-momentum Kb via (26) and (27). The
construction of the Bethe wavefunction for {1, 1}-strings is outlined in Appendix C.
Panels (a) and (b) in Figure 7 show the half-chain ES levels as a function of k for
`b = 10 (two weakly-bound particles) and `b = 10
−2 (two strongly-bound particles),
respectively. The corresponding entanglement entropies are reported in panels (c) and
(d). In the case of two weakly-bound particles (panel (a)) the ES exhibits four levels. In
the limit L→∞ three ES levels are ∼ log(2) (dotted line), whereas the remaining one
is diverging as ∼ log(L). This is the same edge level found in the ES of the two-particle
bound states in section 3 (see Figure 4). Notice that the ES changes dramatically at
k ≈ Kb = 2pi/3, which is reflected in a reduction in the entanglement entropy (see
panel (c)). For two strongly-bound particles (see panel (b)) two edge levels appear (as
for two particles, see Figure 4). Interestingly, the ES does not exhibit any significant
dependence on k, and one has SA(L/2) ≈ SMAX(M = 2) ∀k.
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Figure 8. Volume law (i.e. extensive behavior) in the entanglement entropy of
the eigenstates of the XXX chain. Here we focus on 1-string eigenstates. Data
are exact numerical results obtained from the Bethe ansatz solution of the model
for a chain with L = 22 sites. (a) Sector with M = 5: entanglement entropy
SA plotted versus the block length LA. The dash-dotted line is the upper bound
SMAX(M) = −M [ω log(ω) + (1 − ω) log(1 − ω)], with ω ≡ LA/L. (b) Same data as
in (a) plotted versus the chord length Lc ≡ (L/pi) sin(piLA/L). The dash-dotted line
is a guide to the eye. Full symbols (rhombi) denote SA obtained from the eigenstate
with Bethe-Takahashi quantum numbers [# #4 #2 ##2 #2 ]1, where  and #
denote occupied and vacant quantum numbers, respectively. (c)(d) The same as in
panels (a)(b) now in the sector with M = 7.
5. Entanglement of eigenstates with a finite density of particles
In this section we focus on the behavior of the entanglement entropy for eigenstates of
the XXX chain with finite density of particles, i.e., with finite ρ ≡ M/L > 0 in the
limit L  1. To be specific here we present exact numerical data obtained from the
Bethe ansatz solution of the model (see section 2) for a chain with L = 22, focusing
on M = 5 and M = 7. We restrict ourselves to 1-strings and {M − 2, 1}-strings only
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(see section 2). Physically, the latter corresponds to eigenstates containing a single two-
particle bound state (2-string) and M − 2 unbound particles. The construction of the
Bethe ansatz wavefuction (6) for {M − 2, 1}-strings is outlined in Appendix C.
In sharp contrast with the situation with few particles (vanishing density), at finite ρ
the semiclassical upper bound SMAX(M) (cf. (5)) is no longer saturated. However, for
highly-entangled eigenstates we provide numerical evidence that SA(LA) ∝ Lc, with
Lc ≡ (L/pi) sin(piLA/L) the chord length known from conformal field theory. Since
Lc ≈ LA for L  LA this also signals the volume law SA(LA) ∝ LA (i.e., extensive
entanglement). We also investigate how the entanglement entropy depends on the
number of blocks of contiguous Bethe-Takahashi quantum numbers. We numerically
observe that large number of blocks corresponds to high-entangled eigenstates (as in
the low-density regime, see sections 3 and 4).
Finally, we consider eigenstates in the sector withM = 7 containing a two-particle bound
state. We find no significant change in the behavior of the von Neumann entropy, as
compared to 1-string eigenstates.
5.1. Extensive entanglement in 1-string eigenstates
Figure 8 plots the von Neumann entropy SA(LA) for eigenstates of the XXX chain
with L = 22 in the sectors with M = 5 and M = 7 (panels (a)(b) and (c)(d),
respectively). Here we restrict ourselves to 1-strings, i.e., real solutions of the Bethe
equations (12). Data were obtained sampling over the Hilbert space of the XXX chain
using Monte Carlo (see Ref. [122] for the details of the Monte Carlo algorithm). Only
∼ 100 eigenstates are shown in the figure. The dash-dotted line in panels (a)(c) is
the semiclassical upper bound SMAX(M) (cf. (5)). Already in the sector with M = 5,
SA(LA) shows deviations from SMAX(M), which become larger in the sector with M = 7
(see Figure 8 (c)).
One should observe that at finite density ρ, in the large LA  L limit, SMAX(M)
reduces to
SMAX(M) = ρ
[
1− log
(LA
L
)
+O(LA/L)
]
LA. (32)
The term ∝ log(LA/L) in the prefactor in (32) diverges for LA/L 1, signaling that the
semiclassical bound SMAX(M) exceeds the maximum allowed value SA(LA) = LA log(2)
for the von Neumann entropy.
Motivated by the result (3) for the ground state entanglement entropy of the XXX
chain [49], it is natural to assume that SA(LA) is a function of the chord length
Lc ≡ (L/pi) sin(piLA/L), i.e.,
SA(LA) = f(Lc). (33)
This is checked numerically in panels (b) and (d) for the eigenstates in the sector with
M = 5 and M = 7, respectively. Clearly, SA ∝ Lc for highly-entangled eigenstates.
Since Lc ≈ LA for LA  L, the expected extensive behavior SA(LA) ∝ LA is recovered.
The full symbols (rhombi) in the figure show SA(LA) for the eigenstates corresponding
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Figure 9. Entanglement entropy of the eigenstates of the XXX chain in the
sector with M = 7. Entanglement entropy as a function of the number of blocks
of contiguous occupied Bethe-Takahashi numbers (top panels) and the corresponding
eigenstate energies E (bottom panels). Data are exact numerics obtained from the
Bethe ansatz solution of the model for a chain of size L = 22. Here we restrict
ourselves to 1-string eigenstates. (a)-(e) Entanglement entropy SA as a function of the
chord length Lc ≡ (L/pi) sin(piLA/L), with LA the subsystem size. Different panels
correspond to different numbers of Bethe number blocks: from two up to six blocks.
In all panels the dashed line is the semiclassical upper bound SMAX(M = 7). (i)-
(v) SA(L/2) plotted versus the energy density E/L. The vertical dotted line denotes
the ground state energy density Egs/L ≈ − log(2). Different panels are for different
numbers of Bethe number blocks as in (a)-(e).
to Bethe-Takahashi numbers [# #4 #2 #3 #2 ]1 and  2#4 # # #2 2]1 (see
section 2 for the meaning of the notation). Clearly, a large number of blocks in the
Bethe numbers is associated with linear behavior of the entanglement entropy.
The relation between entanglement and blocks of contiguous Bethe-Takahashi numbers
is further investigated in Figure 9, considering the sector with M = 7. The data are
the same as in Figure 8. Panels (a)-(e) in the figure show the entanglement entropy as
a function of the chord length Lc. Different panels correspond to the different numbers
of blocks of contiguous Bethe quantum numbers: two blocks in panel (a), up to six in
panel (e). The dash-dotted line in all panels is the semiclassical bound SMAX(M = 7).
Interestingly, already eigenstates with only two blocks give quite large values for the
entanglement entropy. However, while 2 . SA(L/2) . 4.5 for eigenstates in panel
(a), one has 3 . SA(L/2) . 4.5 in panel (e), meaning that eigenstates with many
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Figure 10. Crossover to the entropy volume law in the sector with M = 7
particles of the XXX chain. Here we focus on eigenstates containing only a single
2-string. Data are exact numerical results (Bethe ansatz) for a chain with L = 22
sites (∼ 700 eigenstates were considered). (a) Entanglement entropy SA(LA) plotted
versus the block length LA. Full symbols (rhombi) denote SA for the eigenstate
corresponding to [#2 #4 3# #3]1 × [#8 #2]2, where  and # denote occupied
and vacant Bethe quantum numbers, respectively. Here [· · ·]α denote the Bethe-
Takahashi quantum number configurations identifying the α-string solutions of the
Bethe-Takahashi equations. The dash-dotted line is the semiclassical bound SMAX(M)
(same as in Figure 8). (b) Same data as in (a) plotted versus the chord length
Lc ≡ (L/pi) sin(piLA/L). The dash-dotted line is a guide to the eye.
blocks typically correspond to highly-entangled states. Notice that one should expect
a logarithmic entanglement scaling (similar to (3)) for eigenstates with few blocks, as
shown in Ref. [70], while volume law should correspond to an extensive number of blocks.
However, due to finite-size effects present for L = 22, it is not possible to distinguish
between the two behaviors in Figure 9.
Complementary information is shown in panels (i)-(v) where the half-chain entropy is
plotted versus the eigenstate energy density E/L ∈ [− log(2), 0] [97] (same data as
in (a)-(e), same scale is used on both axes in all panels). The vertical-dotted line
denotes the ground-state energy density in the thermodynamic limit Egs/L = − log(2).
While eigenstates obtained from Bethe-Takahashi numbers with two blocks correspond
to energies −10 . E . 0, many blocks correspond to a narrower energy window in
the “bulk” of the spectrum. Also, notice that no clear band structure in the half-chain
entropy is visible, in contrast with the low-density regime (cf. section 3 and 4). This
is expected since the number of bands increases exponentially with M (as p(M)), while
the half-chain entropy is at most SA ∝M .
Bound states and entanglement in the excited states of quantum spin chains 25
5.2. Eigenstates containing only a single two-particle bound state
The effects of bound states on the entanglement entropy of eigenstates of the XXX
chain with finite particle density ρ are investigated in Figure 10. We focus on the XXX
chain with L = 22 in the sector with M = 7, restricting ourselves to eigenstates with a
single two-particle bound state.
In panel (a) the von Neumann entropy SA(LA) is plotted versus the block length LA.
The dash-dotted line is the semiclassical bound SMAX(M) (as in Figure 8). Interestingly,
the behavior of the entropy is not affected significantly by the two-particle bound state,
and 2.5 . SA(L/2) . 4.5, as for 1-string eigenstates (compare with Figure 8). The full
rhombi show the von Neumann entropy for the (highly-entangled) eigenstate obtained
from Bethe-Takahashi quantum numbers [#2 #4 3# #3]1× [#8 #2]2, with [· · ·]1 and
[· · ·]2 denoting the quantum numbers for the 1-strings and the 2-string, respectively
(see section 2). The same data are shown in panel (b) versus the chord length
Lc ≡ (L/pi) sin(piLA/L). Highly-entangled eigenstates exhibit extensive entanglement
entropy, as for the 1-string eigenstates.
6. Conclusions
In this paper, by exploiting the Bethe ansatz solution of the model [96, 97], we
investigated the entanglement entropy and entanglement spectra (ES) of the eigenstates
of the spin-1
2
isotropic Heisenberg chain (XXX chain). In contrast with Ref. [70], which
focused on eigenstates corresponding to real solutions (rapidities) of the Bethe equations,
here we considered both real (1-strings) and complex rapidities (n-strings, with n ∈ N,
n > 1). While the former are states of interacting magnons, n-strings signal the presence
of many-particle bound states. We addressed both the situations with low and finite
particle density ρ ≡ M/L, M and L being the particle number and the chain length,
respectively.
We first considered the situation with M = 2 and M = 3 (i.e., few particles in the
chain). For M = 2, based on the Bethe ansatz results, we derived an upper bound
SMAX for the entanglement entropy. Using semiclassical arguments this was generalized
for arbitrary M as
SMAX(M) = −M(ω log(ω) + (1− ω) log(1− ω)), (34)
with ω the ratio ω ≡ LA/L, and LA the length of subsystem A. For M = 1, (34)
is the entanglement entropy of a free particle. The linear dependence SA(M) ∝ M
reflects that in the semiclassical approximation the interactions between particles can be
neglected. For LA/L 1, SMAX ≈ −(MLA/L) log(LA/L), which is an “intermediate”
behavior between logarithmic and extensive. Remarkably, for highly-entangled 1-string
eigenstates with M = 2 (and in general in the vanishing density regime, i.e., at fixed M
and L→∞) SMAX(M) is saturated, i.e., SA ≈ SMAX , apart from O(1/L) terms.
Focusing on the half-chain entanglement entropy, we investigated the relation between
entanglement and eigenstate energy. In the vanishing density regime, the half-chain
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entropy exhibits a “band” structure, when plotted against energy. This is understood
in terms of the Bethe-Takahashi quantum numbers, which identify the eigenstates of the
XXX chain. Specifically, higher entanglement bands correspond to states with a larger
number of blocks of contiguous Bethe-Takahashi numbers. The number of entanglement
bands, which is obtained by counting the possible ways of grouping the quantum
numbers, is given by the integer partitions p(M) of M . For eigenstates with maximum
number of Bethe number blocks it is SA ≈ SMAX . Interestingly, the corresponding
entanglement spectrum (ES) levels are simple functions of the ratio ω ≡ LA/L that are
understood in the semiclassical picture.
For eigenstates that contain bound states, the entanglement entropy is dramatically
reduced, as compared to the situation with unbound particles only. Since bound
states can be treated effectively as single particles, this reflects a reduction in the
number of degrees of freedom. The finite-size behavior of the entanglement entropy
is quantitatively characterized in terms of the bound-state extension `b, which is an
increasing function of the bound-state energy, and it is known analytically from the
Bethe ansatz solution. Strongly-bound (equivalently, low-energy) and weakly-bound
(i.e., high-energy) particles correspond to `b/L  1 and `b/L  1, respectively.
Clearly, the entanglement entropy increases upon increasing `b . L, i.e., as particles
become weakly bound. The presence of bound states has striking effects at the level of
the half-chain entanglement spectrum (ES). Specifically, we demonstrated that the ES
exhibits edge-related levels. The corresponding entanglement eigenfunctions (i.e., the
eigenvectors of the reduced density matrix) are exponentially localized at the boundary
between the two subsystems.
This semiclassical scenario outlined above breaks down at finite particle density.
A striking change is that the semiclassical upper bound SMAX is not saturated.
Interestingly, for highly-entangled eigenstates it is now SA(LA) ∝ Lc, with Lc the chord
length Lc ≡ (L/pi) sin(piLA/L). Since Lc ≈ LA for small subsystems, this signals the
extensive entanglement. We also investigated the relation between entanglement and
the number of blocks of contiguous Bethe-Takahashi numbers. As for vanishing density,
eigenstates corresponding to a large number of blocks are highly-entangled. Finally,
we studied the effects of bound states, focusing on eigenstates with ρ ≈ 1/3 and only
one two-particle bound state. We provided numerical evidence that the presence of the
bound state does not affect significantly the entanglement entropy.
Appendix A. Entanglement properties of two unbound particles
In this section we focus on the eigenstates of the XXX chain in the sector with two
particles, i.e., with M = 2. We derive analytically the entanglement spectrum (ES) and
the entanglement entropy for a generic wavefunction |Ψ2〉 of the form (6).
As a function of the two quasi-momenta k1 and k2, |Ψ2〉 reads
|Ψ2〉 = 1N
∑
x1<x2
[
eik1x1+ik2x2+iθ1,2 + eik1x2+ik2x1+iθ2,1
] |x1, x2〉, (A.1)
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where |x1, x2〉 denotes the configuration with the two particles at positions x1, x2 in the
chain, and the normalization N is given as
N =
[
L(L− 1) + −L cos(k − θ) + cos[Lk − θ] + (L− 1) cos(θ)
cos(k)− 1
] 1
2
. (A.2)
Here k ≡ k1 − k2 is the relative quasi-momentum between the two particles, and
θ ≡ θ2,1 − θ1,2 the scattering phase (cf. (8)).
In order to derive entanglement properties it is useful to introduce the Schmidt matrix
M(A|B). Given a generic wavefunction |Ψ〉 and a bipartition of a system into two parts
A and B, M(A|B) is defined such that
|Ψ〉 =
∑
i,j
Mi,j(A|B)|ϕ(A)i 〉 ⊗ |ϕ(B)j 〉, (A.3)
where |ϕ(A)i 〉 and |ϕ(A)i 〉 form two orthonormal bases for part A and B, respectively.
Notice that the Schmidt decomposition (1) corresponds to the singular value
decomposition (SVD) of Mi,j(A|B). In particular, the non-zero singular values ζi of
M(A|B) are related to the reduced-density-matrix (for part A) eigenvalues λi as λi = ζ2i .
Here for the case with |Ψ〉 = |Ψ2〉 (cf. (A.1)), the orthonormal basis {|ϕ(A)i 〉} for A can
be chosen as
|ΩA〉 ≡ | ↑↑ · · · ↑〉A (A.4)
|ϕA〉 = 1NA
∑
x1<x2∈A
[
eik1x1+ik2x2+iθ1,2 + eik1x2+ik2x1+iθ2,1
] |x1, x2〉A
|ϕ′A(k1)〉 =
1√
LA
∑
x∈A
eik1x|x〉A
|ϕ′′A(k1, k2)〉 =
1√
1− |ΓA|2
[
|ϕ′A(k2)〉 − ΓA|ϕ′A(k1)〉
]
,
where LA is the length of subsystem A, and |x〉A ≡ S−x |ΩA〉, |x1, x2〉A ≡ S−x1S−x2|ΩA〉.
In (A.4) NA is obtained from (A.2) after replacing L→ LA, and the overlap ΓA reads
ΓA ≡ 〈ϕ′A(k1)|ϕ′A(k2)〉 =
1
LA
sin k
2
LA
sin k
2
exp [− ik
2
(1 + LA)]. (A.5)
The basis {|ϕ(B)i 〉} for subsystem B is obtained from (A.4) by replacing A → B, and
using that
ΓB =
1
LB
sin k
2
LB
sin k
2
exp
[
− ik
2
(1 + LB)− ikLA
]
. (A.6)
The Bethe wavefunction |Ψ2〉 is then rewritten as
|Ψ2〉 = 1N
[
NA|ϕA〉 ⊗ |ΩB〉+NB|ΩA〉 ⊗ |ϕB〉+
√
LALB(1− |ΓB|2)|ϕ′A〉 ⊗ |ϕ′′B〉
+eiθ
√
LALB(1− |ΓA|2)|ϕ′′A〉 ⊗ |ϕ′B〉+
√
LALB(ΓB + ΓAe
iθ)|ϕ′A〉 ⊗ |ϕ′B〉
]
.
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The resulting Schmidt matrix (A.3) reads
M(A|B) = 1N

0 NB 0 0
NA 0 0 0
0 0 (LALB)
1/2(ΓB + e
iθΓA) (LALB(1− |ΓB|2))1/2
0 0 eiθ(LALB(1− |ΓA|2))1/2 0
 . (A.7)
The two entries in the upper-left 2×2 block in (A.7) correspond to both particles being
in subsystem A and subsystem B, respectively. The bottom-right block corresponds to
having one particle in subsystem A and one in B. The singular values decompositions
of (A.7) is straightforward. M(A|B) has four non-zero singular values. Two singular
values are ζ0 = NA/N and ζ ′0 = NB/N . The remaining ones ζ± are given as
ζ± =
1
N
[
LALB
(
1 + Re(Γ∗BΓAe
iθ)±
√
(1 + Re(Γ∗AΓBe−iθ))2 − (|ΓA|2 − 1)(|ΓB|2 − 1)
)] 1
2
.
In the limit LA, LB  1 from (A.5) and (A.6) one has that ΓA ∝ 1/LA and ΓB ∝ 1/LB.
The singular values of M(A|B) become ζ0 ≈ ω, ζ ′0 ≈ 1− ω, and ζ+ ≈ ζ− ≈ ω
1
2 (1− ω) 12 ,
with ω being the ratio ω ≡ LA/L. These are related to the “semiclassical” probabilities
of distributing the particles in subsystem A and B. We mention that similar results are
obtained for eigenstates with M > 2 (see Appendix D). Notice that in the semiclassical
approximation the scattering phase θ = θ2,1 − θ1,2 is irrelevant, as expected. However,
this semiclassical approximation holds at finite (i.e., non-vanishing) relative quasi-
momentum k ≡ k2 − k1. For k → 0, θ cannot be neglected, and the outlined picture
breaks down. The limit k → 0 is more carefully discussed in the next subsection.
Appendix A.1. Low relative quasi-momentum limit
In this section we derive the entanglement entropy and entanglement spectrum for the
two-particle wavefunction (A.1) assuming k → 0, i.e., small relative quasi-momentum
between the two particles. Specifically, we assume k2 − k1 = 2pi αL and α = O(1).
Using (11) and the logarithmic Bethe equations (12) one obtains
k2 − k1 = 2piδJ
L
+
4
L
arctan(λ1 − λ2), with δJ ≡ J2 − J1. (A.8)
Since λ1 → λ2 in the limit L → ∞, α ≈ δJ , which justifies the assumption α = O(1).
Substituting in (A.5)(A.6), one obtains
ΓA ≈ sin piαω
piαω
e−ipiαω, ΓB ≈ sin piα(1− ω)
piα(1− ω) e
−ipiα(1+ω). (A.9)
where ω ≡ LA/L, and the limit L 1 was taken. The two singular values ζ0, ζ ′0 of the
Schmidt matrix M(A|B) (cf. (A.7)) become
ζ0 =
[2(piαω)2 − cos(2piαω + θ)− cos(θ)
2(piα)2 − cos(2piα + θ)− cos(θ)
] 1
2
(A.10)
ζ ′0 =
[2(piα(1− ω))2 − cos(2piα(1− ω) + θ)− cos(θ)
2(piα)2 − cos(2piα + θ)− cos(θ)
] 1
2
(A.11)
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Notice that θ is not negligible unless the limit α → ∞ is taken. Similar results can be
obtained for ζ± using (A.9) (A.5)(A.6) and (cf. (A.2))
N = L
[
1− cos(2piα + θ)− cos(θ)
(2piα)2
] 1
2
. (A.12)
The entanglement entropy obtained in the low relative quasi-momentum limit is reported
as dotted line in Figure 2.
Appendix B. Bethe wavefunctions for many-particle bound states
In this section we focus on eigenstates of the XXX chain in the sectors with M = 2, 3,
focusing on 2-strings and 3-strings solutions of the Bethe-Takahashi equations (20),
respectively. Physically, this corresponds to the situation in which all the particles
form a bound state. Here we first discuss how to treat the singularities appearing in
the wavefunction amplitudes (6), due to the presence of strings. We then derive exact
results for the entanglement entropy and the entanglement spectrum.
Appendix B.1. Two-particle bound states
Here we restrict ourselves to two-particle bound states, i.e., M = 2. Using the string
hypothesis (28), the two rapidities λ1, λ2 identifying the eigenstates of the XXX chain
read
λ1 = λ− i− iδ, λ2 = λ+ i+ iδ. (B.1)
Notice that in (B.1) we take into account the finite-size deviations δ = O(e−L) from the
string hypothesis (see section 2). In the limit L→∞ the string center λ is determined
by solving the Bethe-Takahashi equations (20). The Bethe ansatz wavefunction for two
particles reads (cf. (6))
|Ψ2〉 = 1N
∑
x1<x2
[
eik1x1+ik2x2+iθ1,2 + eik1x2+ik2x1+iθ2,1
] |x1, x2〉, (B.2)
with k1, k2 the two quasi-momenta obtained from (B.2) using (24). From (29) the
scattering phases θ1,2 and θ2,1 are given as
θ1,2 =
1
2i
log
[
1 +
4
δˆ
]
→ − 1
2i
log(δˆ) (B.3)
θ2,1 =
1
2i
log
[
1 +
4
4− δˆ
]
→ 1
2i
log(δˆ),
with δˆ = 2δ. The limit δ → 0 (equivalently L→∞) was taken in the last step in (B.3).
Using (B.1) and (B.3) the wavefunction B.2 becomes
|Ψ2〉 = 1N
∑
x1<x2
[
eiKb(x1+x2)
( 1√
δ
e−(x2−x1)/`b +
√
δe(x2−x1)/`b
)]
|x1, x2〉, (B.4)
with Kb ≡ k1 + k2 ∈ R the total momentum of the bound state, and `b the bound-state
length ( (27) with n = 2). Notice that, although the second term in (B.4) vanishes
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exponentially for L → ∞, it cannot be neglected when x2 − x1 → ∞. Also, neglecting
the second term would lead to the inconsistency Ψ2(x1 = 1, x2 = 2) 6= Ψ2(x1 = 1, x2 =
L− 1). However, the Bethe equations (10) imply that
θ2,1 = θ1,2 − (k1 − k2)L
2
mod pi. (B.5)
Substituting (B.5) in (B.4), one obtains
|Ψ2〉 ∝ eiθ1,2
∑
x1<x2
eiKb(x1+x2)
[
e−(x2−x1)/`b + e(x2−x1−L)/`b
] |x1, x2〉. (B.6)
Notice that all the terms inside the brackets in (B.6) are now regular. The overall
divergent factor eiθ1,2 cancels when normalizing the wavefunction.
Entanglement properties. In order to derive the entanglement entropy for the two-
particle bound state, here we consider the simplified situation in which we neglect the
second term in (B.6). The consequences of this approximation are discussed at the end
of the section. The two-particle bound state wavefunction (B.6) reads
|Φ2〉 = 1N
∑
x1<x2
eiKb(x1+x2)e−(x2−x1)/`b|x1, x2〉 (B.7)
The normalization N does not depend on the total momentum Kb and it is given as
N ≈ (−L+ e
2/`b(L− 1)) 12
e2/`b − 1 , (B.8)
where we neglected O(e−L) terms. To construct the Schmidt matrix M(A|B) (cf. (A.3))
we choose the orthonormal basis for A as
|ΩA〉 ≡ | ↑↑ · · · ↑〉A (B.9)
|ϕA〉 ≡ 1NA
∑
x1<x2∈A
eiKb(x1+x2)e−(x2−x1)/`b|x1, x2〉A
|ϕ′A〉 ≡
1
N ′A
∑
x∈A
eiKbx+x/`b|x〉A.
The basis for the B part can be chosen analogously. The Schmidt matrix then reads
M(A|B) = 1N
 0 NB 0NA 0 0
0 0 N ′AN ′B
 , (B.10)
where
NA ≈ (−LA + e
2/`b(LA − 1)) 12
e2/`b − 1 , NB ≈
(−LB + e2/`b(LB − 1)) 12
e2/`b − 1 , (B.11)
N ′A ≈
eLA/`b
(1− e−2/`b) 12 , N
′
B ≈
e−LA/`b
(e2/`b − 1) 12 .
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In (B.11) O(e−L/`b) terms have been neglected. M(A|B) has three non-zero singular
values ζ0 = NA/N , ζ ′0 = NB/N , and ζ ≡ N ′AN ′B/N , which read
ζ0 ≈
[−LA + e2/`b(LA − 1)
−L+ e2/`b(L− 1)
] 1
2
, ζ ′0 ≈
[−LB + e2/`b(LB − 1)
−L+ e2/`b(L− 1)
] 1
2
, (B.12)
ζ ≈
[ e2/`b
−L+ e2/`b(L− 1)
] 1
2
.
Clearly, ζ0 → ω 12 and ζ ′ → (1 − ω) 12 for L → ∞, whereas ζ is vanishing as ∝ 1/L 12 .
Notice that ζ corresponds to a diverging entanglement spectrum level ξ ≡ −2 log(ζ).
Interestingly, while ζ0, ζ
′
0 are usual “bulk” singular values, similar to the case with two
unbound particles (see Appendix A), ζ corresponds to an edge-related one. This is clear
from the associated singular vector |ϕ′A〉 (cf. (B.9)), which is exponentially localized at
the boundary of part A.
It is interesting to rewrite (B.12) in terms of the energy E (cf. (25)). Here we restrict
to the case with part A being half of the chain. Using (27) one obtains
ζ0 = ζ
′
0 =
[2 + LE − 2(1 + E)L/2
2 + LE − 2(1 + E)L
] 1
2
, ζ =
−1 + (1 + E)L/2
(−1− LE + (1 + E)L) 12 . (B.13)
From (B.12) the half-chain entropy reads
SA(L/2) = log(2)− −1 + log(2)− log(1− e
−2/`b)− log(L)
1− e−2/`b
1
L
+O(1/L2), (B.14)
and, in terms of the energy E, one has
SA(L/2) = log(2)− 1
LE
[
1− log(2) + log(L) + log(−E)
]
+O(1/L2). (B.15)
Clearly, in the limit L → ∞, SA(L/2) ≈ log(2). For fixed L, high-energy bound states
exhibit deviations from SA(L/2) = log(2). This correspond to eigenstates containing
two weakly-bound particles (cf. (27)). In the limit E → 0 (equivalently `b → ∞), the
second term in (B.15) diverges. Notice that this is a spurious divergence due to the fact
that we neglected O(e−L/`b) terms in (B.12).
We should stress that the results outlined above are not strongly affected by the second
term in (B.6). The only significant change is that, while the Schmidt matrix obtained
from (B.7) has only one edge-related singular value (ζ in (B.13)), an extra one ζ ′ ≈ ζ
appears if one considers (B.6). This is due to the fact that subsystem A has two
boundaries. Clearly, ζ and ζ ′ correspond to a particle localized at the right and left
edge of A, respectively. Similarly, taking into account the second term in (B.6) the
expression for the half-chain entropy (B.15) is modified as
SA(L/2) = log(2)− 2
LE
[
1− log(2) + log(L) + log(−E)
]
+O(1/L2). (B.16)
Notice the factor two (reflecting the number of boundaries of block A) in the O(1/L)
term.
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Appendix B.2. Three-particle bound states
Here we discuss the structure of the Bethe wavefunction (6) for the 3-particle bound
states. These correspond to three solutions Λ = {λ1, λ2, λ3} of the Bethe equations (10)
forming a (deviated) 3-string in the complex plane as
Λ =

λ1 = λ+ + 2i+ iδ
λ2 = λ+ − 2i− iδ
λ3 = λ
where δ,  (string deviations) are O(e−L). The string center λ ∈ R is obtained by solving
the Bethe-Takahashi equations (20). Using (29) one obtains θ1,3 → −i∞ and θ2,3 →
+i∞ in the limit δ → 0 (equivalently L → ∞). The only permutations of {λ1, λ2, λ3}
leading to singularities in the wavefunction amplitude (7) are {1, 3, 2}, {2, 3, 1}, {2, 1, 3},
and {2, 3, 1}. Clearly, the “most divergent” amplitude in (6) is ∝ exp(iθ1,3 + iθ3,2),
which corresponds to {1, 3, 2}. The remaining two permutations {1, 2, 3} and {3, 2, 1}
contribute with finite terms that can be neglected. Using the Bethe equations (10) one
obtains a relation between θ1,3, θ3,2 and θ3,1, θ2,3 (similar to (B.5)) as
i(k1 − 3k2 − k3)L
2
+ iθ3,1 + iθ2,3 − 4iθ1,2 − iθ1,3 − iθ3,2 = 0 mod pi. (B.17)
Using (B.17) the Bethe wavefunction (6) reads
|Ψ3〉 ∝ exp(2iθ1,3)
∑
x1<x2<x3
{
(B.18)
exp [iKb(x1 + x3) + ik3x2 − (x3 − x1)/`b] +
exp [iKb(x1 + x2) + ik3x3 + (x2 − x1 − L)/`b + iKTL/4] +
exp [iKb(x2 + x3) + ik3x1 + (x3 − x2 − L)/`b + iKTL/4]
}
|x1, x2, x3〉
with `b the bound-state length obtained from (27), Kb ≡ k1 + k2 ∈ R, and KT ≡
k1 + k2 + k3 ∈ R the total momentum of the eigenstate. Since x1 < x2 < x3, the first
term in (B.18) corresponds to a three-particle bound state, whereas the other two are
superpositions of a two-particle bound state and a free magnon. Notice that the overall
divergent term exp(2iθ1,3) in (B.18) cancel in the normalized wavefunction.
Entanglement properties. To discuss the entanglement spectrum and entanglement
entropy of the three-particle bound state, we consider the simplified situation in which
we keep only the first amplitude in (B.18), i.e.,
|Ψ3〉 = 1N
∑
x1<x2<x3
e−(x3−x1)/`beiKb(x1+x3)+ik3x2|x1, x2, x3〉. (B.19)
The normalization of (B.19) in the large L limit is
N ≈ (e
2/`b(L− 2)− L) 12
(e2/`b − 1) 32 . (B.20)
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The Schmidt matrix M(A|B) from (B.19) can be given as
M(A|B) = 1N

0 NB 0 0
NA 0 0 0
0 0 0 N ′′AN ′B
0 0 N ′AN ′′B 0
 . (B.21)
After neglecting exponentially suppressed O(e−L) terms, one obtains
NA ≈ (−LA + e
2/`b(LA − 2)) 12
(e2/`b − 1) 32 , NB ≈
(−LB + e2/`b(LB − 2)) 12
(e2/`b − 1) 32 , (B.22)
N ′′A ≈
e1/`b
e2/`b − 1e
LA/`b , N ′′B ≈
1
e2/`b − 1e
−LA/`b ,
N ′A ≈
e1/`b
(e2/`b − 1) 12 e
LA/`b , N ′B ≈
1
(e2/`b − 1) 12 e
−LA/`b .
The singular values of (B.21), using (B.22), read
ζ0 =
N
N ≈
e2/`b(LA − 2)− LA
e2/`b(L− 2)− L , ζ
′ =
N ′′AN ′B
N
≈ e
2/`b
e2/`b(L− 2)− L, (B.23)
ζ ′0 =
NB
N ≈
e2/`b(L− LA − 2)− (L− LA)
e2/`b(L− 2)− L , ζ
′′ =
N ′AN ′′B
N ≈
e2/`b
e2/`b(L− 2)− L.
As for two particles (see section Appendix B.1), ζ0 and ζ
′
0 are finite in the limit L→∞,
and are bulk-related, whereas ζ ′ and ζ ′′, which are vanishing, have boundary origin. It
can be checked that the corresponding singular vectors are exponentially localized at
the boundary of block A.
From (B.23) the half-chain entanglement entropy, neglecting terms O(1/L2), reads
SA(L/2) = log(2) + 2
−1 + log(2)− log(1− e−2/`b)− log(L)
1− e−2/`b
1
L
+O(1/L2), (B.24)
and in terms of the bound-state energy E (cf. (27))
SA(L/2) ≈ log(2)− 3
2LE
[1 + 2 log(2) + log(L) + log(−E)− log(6)] . (B.25)
As for the two-particle bound state, the correct expression, which takes into account all
the three components in (B.18), is obtained as
SA(L/2) ≈ log(2)− 6
2LE
[1 + 2 log(2) + log(L) + log(−E)− log(6)] . (B.26)
This is checked numerically in Figure 6 (c).
Appendix C. Eigenstates containing a single 2-particle bound state
In this section we discuss the structure of the Bethe wavefunction (6) for M -particle
eigenstates of the XXX chain with string content {M − 2, 1}. These correspond to
solutions of the Bethe-Takahashi equations (20) containing M − 2 1-strings and a single
2-string. Physically, the resulting wavefunctions contain magnons and a two-particle
bound state. Due to the presence of the 2-string, divergent terms in (7) appear.
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To illustrate the construction of the wavefunction we first focus on the elementary case
with M = 3 (i.e., string content {2, 1}), considering Λ = {λ1, λ2, λ3} roots of the Bethe
equations (12) of the form
Λ =

λ1 = λ
λ2 = λ
′ + i+ iδ
λ3 = λ
′ − i− iδ
(C.1)
Notice that we assume Re(λ2) = Re(λ3) 6= Re(λ1). Using (29) one obtains that the only
diverging scattering phases are θ3,2 = −θ2,3 → −i log(δ). It is straightforward, using the
Bethe equations (10), to derive the relation
θ3,2 = θ2,3 + θ1,3 − θ1,2 − (k2 − k3)L
2
mod pi. (C.2)
Using (C.2) the Bethe wavefunction (6) reduces to
|Ψ{2,1}〉 ∝ exp(iθ2,3)
∑
x1<x2<x3
{
(C.3)
exp [iKb(x2 + x3) + ik1x1 + θ1,2 + θ1,3 − (x3 − x2)/`b] +
exp [iKb(x1 + x3) + ik1x2 + θ2,1 + θ1,3 − (x3 − x1)/`b] +
exp [iKb(x2 + x3) + ik1x3 + θ2,1 + θ3,1 − (x2 − x1)/`b] +
exp [iKb(x2 + x3) + ik1x1 + 2θ1,3 + θ1,2 − (x2 − x3 + L)/`b] +
exp [iKb(x1 + x2) + k1x3 + 2θ2,1 − (x1 − x2 + L)/`b] +
exp [iKb(x1 + x3) + ik1x2 − (x1 − x3 + L)/`b]
}
|x1, x2, x3〉,
where Kb ≡ k2 + k3 ∈ R, `b is the bound-state length (cf. (27)), and the subscript in
|Ψ{2,1}〉 is to stress that we are considering string content {2, 1}. Notice the divergent
factor exp(iθ2,3) in (C.3).
A similar procedure can be used in the generic case with M particles and string content
{M − 2, 1}. First, the generalization of (C.2), assuming that λM−1, λM form a 2-string,
is obtained as
θM,M−1 = θM−1,M − (kM−1 − kM)L
2
−
∑
j<M−1
(θj,M−1 + θj,M) mod pi. (C.4)
The Bethe wavefunction is obtained from the general expression (6) substituting every
occurrence of θM−1,M using (C.4).
Appendix D. A semiclassical upper bound for the entanglement entropy
In this section we derive the upper bound (5) for the entanglement entropy.
We start considering a bipartition of a chain of length L into two parts A and B of length
LA and LB, respectively. Here we define the ratio ω as ω ≡ LA/L. Given the generic
eigenstate (6) of the XXX chain in the sector with M particles, the Schmidt matrix
M(A|B) (cf. (A.3) for the definition) exhibits a block structure, each block M(k)(A|B)
corresponding to a different number of particles k in subsystem A.
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The number of non-zero singular values in M(k)(A|B) is given as the number of ways of
assigning k quasi-momenta from the set {k1, k2, . . . , kM} (cf. (6)) to the k particles in
A. This is given by the binomial coefficient C(M,k) ≡M !/(k!(M − k)!).
Assuming that every particle with given momentum is fully delocalized in the chain
(“semiclassical” approximation), the singular values {ζi} with i = 1, 2 . . . , C(M,k) in
M(k)(A|B) are all degenerate, and are given as ζi = (ωk(1 − ω)M−k)1/2 ∀i. Notice that
{ζ2i }, which would be the eigenvalues of the reduced density matrix ρA for block A,
correspond to the semiclassical probabilities of finding k particles in A and M − k in B.
Finally, the upper bound SMAX(M,LA) for the entanglement entropy is given as
SMAX(M,LA) = −
M∑
k=0
M !
k!(M − k)!ω
k(1−ω)M−k log [ωk(1− ω)M−k] .(D.1)
It is convenient to consider the large M limit. Thus, approximating the binomial
coefficient with a gaussian, one obtains
SMAX(M,LA) = − 1√
2piMω(1− ω)
M∑
k=0
e−
(k−Mω)2
2Mω(1−ω) (k logω + (M − k) log(1− ω)). (D.2)
Turning the sum over k into an integral, and taking the integration in the full interval
k ∈ (−∞,∞) (instead of [0,∞)), (D.2) becomes
SMAX(M,LA) = −M [ω logω + (1− ω) log(1− ω)]. (D.3)
Interestingly, SMAX(M,LA) is proportional to the total number of particles in the
system. Notice the symmetry under the exchange of the two subsystems LA ↔ LB,
i.e., ω ↔ 1− ω.
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